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Abstract

In this paper, by the application of methods of weight fumiesi and the use of
analytic techniques, a multidimensional more accuratédiatrete Hilbert-type in-
equality with the kernel of the hyperbolic cotangent fuantis proved. We show that
the constant factor related to the Riemann zeta functidreibést possible. Equivalent
forms as well as operator expressions are also investigated
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1 Introduction

Assuming thap > 1, % +é =1,f(x),g(y) >0, f €eLP(R,),g€ LYR,),

Ifl={ ] P00dg? >0,

l9llq > 0, we have the following Hardy-Hilbert’s integral inequalitgf. [1]):

= = f(x)g(y) .
L L Sy 9xay< g fleloll (L.1)

where the constant fact%(’:[—/m is the best possible. Hy, by, > 0,a= {am}m_1 €I1P,b=

{bn}p_, €19 ||allp = {z?}’hlaﬁ]}% > 0, ||bl|q > 0O, then we still have the following discrete
variant of the above inequality named of Hardy-Hilbert'®dunality with the same best

constantw’:[/p> (cf. [2)):
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Forp=qg=2, (1.1) and (1.2) deduce to the famous Hilbert’s inequaitinequalities (1.1)
and (1.2) are important in Analysis and its applications [, [2], [3], [4], [5], [33]).

In 1998, by introducing an independent paramater(0, 1], Yang [6] gave an extension
of (1.1) forp=q= 2. In 2009-2011, Yang [3], [4] gave some extensions of (lnt) @.2)
as follows: IfA1,A2, € R, A1 +A2 = A,k (X,y) > 0 is a homogeneous function of degrek,
with k(A1) = f57ky (t, DM Tdt € R, g(x) = xP0 2L p(y) = yal 221 (%) g(y) >0,

* 1
feLpo®) = { il logi= (| oI109°d5 <o .
ge Lq,tlJ(R+)a H f ||p‘,(P7 Hqu,lIJ > 07 then we have

/ow /o ky (x,Y) F ()g(y)dxdy < k(A1) [ fl|pollgl (1.3)

where the constant factd(A1) is the best possible. Moreover, kf(x,y) is finite and
ky (%, Y)X* 2 (ky (x,y)y*2 1) is decreasing with respect xa> O(y > 0), then forag by > 0,

aclpy= {a; allp.e = {ilq)(n)\anyp};l) < 00},

b= {bn}?]o:]_ € Iq,lIJa ||a||p,(P7 HbHCI‘,lIJ > 0, we have

8

ka (M, N)ambn < k(A1)[[al|pollbllq. (1.4)
1
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where, the constant fact&fA1) is still the best possible. Clearly, far= 1,k;(x,y) = ﬁ,,

A = (—1],)\2 = r_lJ’ (1.3) reduces to (1.1), while (1.4) reduces to (1.2). Sonherotesults
including multidimensional Hilbert-type inequalitiescathe operator expressions are pro-
vided by [7]-[22]. Some of them are extensions of (1.3) and)(1

On half-discrete Hilbert-type inequalities with the nomriogeneous kernels, Hardy et
al. provided a few results in Theorem 351 of [1]. But they did prove that the the constant
factors are the best possible. However, Yang [23] gave dtredth the kernelm by
introducing a variable and proved that the constant factdhé best possible. In 2011,
Yang [24] gave a half-discrete Hardy-Hilbert's inequahit§th the best possible constant
factor B(A1,A2). Zhonget al ([25]-[30]) investigated several half-discrete Hilbgmpe
inequalities with particular kernels. Using the way of wsifunctions and the techniques
of discrete and integral Hilbert-type inequalities withre® additional conditions on the
kernel, a half-discrete Hilbert-type inequality with a gesd homogeneous kernel of degree
—\ € R and a best constant factiofA) is obtained as follows:

fy 100 3 ke mandx< k) lolallos. (15)

which is an extension of Yang [24]'s work (see Yang and Chel])[3 A half-discrete
Hilbert-type inequality with a general non-homogeneousi&kand a best constant factor
is given by Yang [32].



Remarkl.1L (1) Many different kinds of Hilbert-type discrete, halfsdrete and integral
inequalities with applications are presented in recenhtygears. Special attention is given
to new results proved during 2009-2012. Included are mangmgdizations, extensions and
refinements of Hilbert-type discrete, half-discrete artdgral inequalities involving many
special functions such as beta, gamma, hypergeometiggntsmetric, hyperbolic, zeta,
Bernoulli functions, Bernoulli numbers and Euler consetrdl.

(2) In his five books, Yang ([3], [5], [4], [33], [34]) presexd many new results on
Hilbert-type operators with general homogeneous kerrfelsgree of real numbers and two
pairs of conjugate exponents as well as the related inegpsallThese research monographs
contained recent developments of discrete, half-disemneteintegral types of operators and
inequalities with proofs, examples and applications.

In this paper, by the use of the methods of weight functiortstanhnique of real anal-
ysis, a multidimensional more accurate half-discrete étthtype inequality with the kernel
of hyperbolic cotangent function is given, which is an esten of (1.5) for a particular
kernel. We prove that the constant factor related to the Rienzeta function is the best
possible. The equivalent forms and the operator expressimalso considered.

2 Some Lemmas

Lemma 2.1. Suppose that—1)'h()(t) > 0(t > 0;i = 0,1,2). Then
(i) forb>0,c>10<a <1 we stil have

(_1)idd—;h((b+|n“cx)é) >0(x>1Li=12), (2.1)
(ii) for f%‘” h(t)dt < o, we have
/1 h(tde< 3 him) < /% h(t)dt. 2.2)

Proof. (i) We find

d a1
&h((b+ln CX)

1
]

) = %‘h’((b+|n° cx)a)(b+In® cx)%*lln"*lcx< 0,

d? a
Wh((bﬂn CX)

)
d 1, - o
:&[;h((bﬂn cX)@)(b+In“cx)atIin® ey

1
=— ?h’((b+ In%cx)

1
]

Q=

)(b+In%cx)aLIin®Lex

1
+ Ph”((b+ In%cx) @) (b+ In® cx) & ~2In?2cx

1 1 1

+a(2 —1) 5 (b+In® cx)e) (b+In° cx)a2In%2cx

+(a— 1)X—12h’((b+ In%cx) @) (b+In® cx)a—In®2¢x



1
a

=[=N((b+In%cx)a ) (b+In%cx) Incx+ W ((b+In® cx)« ) (b + In% cx) @

% In® ex+ b(o — DN ((b+ In® cx) )] x_12 (b+In%cx)a2In® 2¢x > 0.

(i) Sinceh(t) is a decreasing convex function, by the decreasing propedyHermite-
Hadamard'’s inequality (cf. [35]), we have

n+1 n+i
/ h(t)dt < h(n) < /_l h(t)dt(n € N),

2

and then
7w 5 [" hidt< 3 i
ht)dt — / ht)dt < S h(n
1 rE; n 2;
© n.t,_:_zL 0
<3 / h(t)dt — / h(t)dt.
i=1/n—3 3
Hence, (2.2) follows. O

Note. (i) If (—1)'h()(t) > O(t > 0;i = 0,1), [5*h(t)dt < oo, since

n+1 n
/ h(t)dt < h(n) < / | hdine ),

then we still have

00

/1 Bt < 3 n) < 5 /nilh(t)dt: /0 h(t)dt.

(i) The hyperbolic cotangent function(t) = coth(t) := gf—gitf (cf. [36]) satisfies the
condition of (—1)'h()(t) > 0 (t > 0;i = 0,1,2). In fact, h(t) = §=&+ > 0O(t > 0), we find

d-et (d+et)? 4

"0 = gt @ e @ e "
t
W) = % > 0(t > 0).

So doeg(t) = et coth(t)(t > 0).
If io, jo € N(N is the set of positive integersy, > 0, we put

[iN

o := (irm‘*) (x= (0,04 ) € RO),

k=1

io % )
I¥llp = (z rykrﬁ> (V= O Yjo) € RI), 23)



Lemma 2.2. If s€ N,y,M > 0,%¥(u) is a non-negative measurable function® 1], and

Dy = {xeRi;0< u:ii(%>y§ 1},

then we have

1

//D W (i <%)V> dxg - dxs = N;;:iy) /01 qJ(U)U\%*ldu. (2.4)
M i= Y

Proof. Please see Lemma 42.1 of (cf. [33]) (in P.776). O
Applying Lemma 2.2, in view of (2.4) and the condition, itlfaks:
(i) ForM > 0,
S X\Y
Dy :=<{X€R3;0<u= —) <13,
{xemtiocu= 5 ()
we have
[ Lo (26
3 i; M
. . S X\Y
- n'n'Too/"'/DMw<;<M) dxg - dx
Mers(h) 1
= Iim y / Wu)u tdy 2.5
(i) for M > 1,
Ev = xeRs'i<u— S <ﬁ>y<1
M -— + MY = - Z M )
we have
[~ @[5 () ) o
sl e
persiMh=1) \G WM
i = (XY
MTS(d) 1o
= lim Y Yuyuv tduy; 2.6
M=o ysr(\_sl) 5 (u) (2.6)
(iii) for M > 0,

Xi\V 1
Fv =< XeR3;u= (—) <=
M {E * i; M/ =My [



we have

S X| %
g — dxq---d
/ /{xeRi;nxVﬂ} <.Z('V') nes
. x| y
i (3G oo

M)
= lim S
M=o VAT (2)

Note. Ford € {—1,1},Es = {u € (0,1]; &5 < u®}, in view of (i) and (iii), it follows

'M
that
{xeRS. ;Hx||5>1}

. Msrs -
:J'Toovsri(%/%w( yuiLdu. @2.7)

llJ(u)u?Fldu.

(iv) For MY > s,

we have

/.../{XERS ¥ (2 (%)y> dxg - dxe
= m [ Z(%) e

W(u (2.8)

Moo y5F \_s/ MSV
Lemma2.3.Forse Nyy>0,e>0,0€ {-1,1}, c=(c,---,Cs) € [2,€]° we have
rs(d)
X *Sfésdx X = 7\/, 2.9
/ /{xeRi;|x|3>1} Xy e ey ir(3) (29)

[[Incmly = rs(3)
Ad(e) =3 s = i s

& NLam esMEI()
Proof. By (2.7), it follows that

/u%&’ldu Iy U tdud=1 _{ F(Me-1)8=1
Es J Gty s = —1 iMEE=-1

+0(1)(e — 0. (2.10)
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[+ Iy = e -
{xeR:[xI§=1}

s X . —s—-0¢
_/ /{XGRS G >1}{ [i;(ﬁ)y]v} dxq - dx

_ MeT S(V) 1/y\—s—d¢

IJIILnoo ySI'() /Ea(Mu ) uitdu
OMTE(D) ey rs(3)

=0T ) /55“ e

Hence we have (2.9).
ForM > s'/¥, we set

Then by the decreasing property and (2.8), it follows

IncX|v 5% Limhex
A(£)>/ Iinexly ™ SHV dx“"'ic"“/ [Jull, > *du

{xeRS xi>e/c}  [liz1Xi {ueRs ;ui>1}

MSIS(2 rs(i
= lim ) (Mut/Y) =S¢y ldu—;\’)s. (2.11)

Mo VT (2) s e ME 1T (3)
In the following, by mathematical induction, we prove that &nys € N,
o)

As(e) < 0Og(1) + (e—0"). (2.12)

e/ (9)

Fors=1, by (2.2), it follows that

© 11 e
In~1-t¢cim © |n~1-€c x
Ai(e) = In"lfci+ > Tllgln‘l‘scl+/3 fldx
— 1 3
© |n~1-€¢x
< Integ+ [ T Xix—0y(1) 4=
e/cy X

and then (2.12) is valid. Assuming that (2.12) is valid$er 1 € N, then fors, we set

[[Incm||,5® |[Incm|, 3¢
As(e) = R _— —
S S S
{meNs;Jig,m,=1} [Mi=am {meNSm>2} [Tizam

There exist constangg b € R, , such that

1)—(1-+¢)

— S - 57
lIncm|, s [ incm],

<a+b —
{meNs; g, my=1} [Ty {meNsZ;m >1) Mizim



By the assumption of mathematical induction $or 1, we find

H Incm\\;(s_l)_(lﬂ) yzfsrsfl(\_ll)
<0Os 1(1)+
{mENSZ;le} rl?;%rni -0 l( ) (1+ 8)(3 1)(1+8)/VF(ST)
and then 1
[[Inemiy*7F —s—— < O4(1).
{meNs; o, my=1} i=1 M

By Lemma 2.1, (2.2) and (2.11), we obtain

1 dx
lIncml, ¢ — < | [Inex, s &
{meNST >2} [izami {xeRS ;% >3} M1 X

</ TS (a——
{xeRS % >e/ci} [Ti=1 %

Inci _s-¢ rs(%)

In / U= e
{UeRS ;u>1} eE/VB r(\_/)

Hence we prove that (2.12) is valid fe N. Therefore, we have (2.10). O

3 Weight Functions and Equivalent Inequalities

In the following sections, we suppose thatjo € N, o, > 0,T = (T1,---,Tj,) € [2,e]j°,
dc{-11},0>1,n>0 andp > 1,%+%:1.

Definition 3.1. Forx = (x1,---,%,) € R, Intn = (InTyny, - -- ,Intj,n;,), n € Nlo, define
two weight functionsws(o,n) andwg(o, x) as follows:

S e nlintfp dx
ws(0,n) = [[Intnfg [ e M coth( 5 ) e (3.1)
R Idla il
lintnlg o ol
_ e nlfinllg. =N
ws(0,x) = |[X|g¥°Te K& coth( (3.2)
| 2 Mg i

where,5n=yn 1 Ym-1

Lemma 3.2. As the assumptions of Definition 3.1, if botg(o,n) andws (o, x) are finite,
f(X) = f(x1, ;%) = 0,80 = &, .. n; ) > 0, then we have the following inequality:

1
jo InTano jo _ nllinTnllg | Py b
Ul / ; nIntn|g
J = X e Ixa cothl———=——)f(x)dx
1 {Z [ws(0,n)]P-1 R A X1 e

1

PGS p(x)dx} E (3.3)

S {
R+




[ InTn|| q %
][> " Mrle nllinTnllg
J = /7 e & cot an | dx
2 { a0 | 2 e

1

jo . : a
< {zw5<o,n> rln,-q-1||lnrn||‘g“°°"°aﬁ} . (3.4)
n =
Proof. By Holder’s inequality with weight (cf. [35]), it follows
_nfinmjg In
e M@ coth(nH Hﬁ)f(x)dx
R? XI5

= eﬁnH\I\:\EHB coth(r]H IanB) HXH - /qf( d
— Jgio HXHB | (Jjo—0)/p \1/p

+ a [[InTnllg (ﬂj 1)

[P

[Tl (e )P
X 7 dx

1

~ nliinmilg (i0+80)(P—1) £ p 5 P
< {/ & coty MM Te, [X)o f ()dx}
R

B X1 HInTnH“’ N,
1
_nfintmg Intn H'nTnH (Jo—o)(a-1) a
X /ioe I coth(r]|| 5”5) P — dx
Ry HXH(X HXH (szlnj)lfq
io jo

Tl

= ,n Intn||? ° n;
[ws(,n)]4InT g (D i)

1

N L O LU A
e WE oo ny)e

Then by Lebesgue term by term integration theorem (cf. [3vVé) have

1
_ nllintnlg (io+00)(p—1) P
n|lintn X fP(x
5 < {Z [e  con ||||XH6HB)H [ o <>dx}
a

[Tl =0 i,y

1
[Intn]] d0) P
_ T oty ATl X o9 7
- '0 Ze coth( /|2 ) jo—oO Jo X
XIE oo, ny

1

= { [ mtoximEs e rwad (3.6)

Hence, (3.3) follows.
By Holder’s inequality with weight, we still can obtain

il Intn 0.5
ye C‘““%)m[waw,x)ﬁnxw*"
a




1
_ Nifintng InTnH (jo—0)(a-1) q
nf/intjg. |
X e K& coth q
{Z g ) qulowo o

then by Lebesgue term by term integration theorem and inahresvay of obtaining (3.6),
we have (3.4). O

Lemma 3.3. Following the assumptions of Lemma 3.2, we have the folgpwiaquality
equivalent to (3.3) and (3.4):

~nflinmnjg |
| = Z/ XI5 coth(inHHZJQHB)anf(X)dX
a

< { [ monlxie® o rax

1
jo ) ) q
I_Lnjq1HInran(‘°_°)_’°aﬁ} ) (3.7)

=

X { z ws(o,n)

Proof. By Holder’s inequality (cf. [35]), it follows

—(jo—0)
InTn -l !
. [ HB e I coth(w)f(x)dx
m [ws(0,m)]a (I'I'— nj)? [/#? s

_lg
[waon % I‘|nJ \InrnHB e qan]

ol

IN

1
jo ) ) q
Jl{zwam,n) rw1ulnrnug<’°‘“>"°aﬁ} :
n

=

Then by (3.3), we have (3.7).
On the other hand, assuming that (3.7) is valid, we set

bn =

[ InTnj|o o ( 1 lfintnllg
R

p—1
. 1ﬂj° e I¥& coth( )f(x)dx) ,ne N,
ws(0,N i21N;

? XI5

Then it follows |
Jo _ .
= > ws(0,n) I_llnjq_lu Inrn||g(10*0)fjoaﬂ.

n =

If J1 =0, then (3.3) is trivially valid; ifJ; = o, then by (3.6), (3.3) keeps the form of

10



equality & o). Suppose that & J; < «. By (3.7), we have

jo

0 < Yaws(ran) r|1n,-q-lulnrnug“'“"*’baﬂ:Jf:I
n |=

{ [ ooz o riax

1

jo ) ) q

x {zwe;(o, W [ Inrnu‘g<‘°°“°aﬁ} :
n J:

It follows that

. 1
Jo p

h o= {Zooa(o, n) D}njqflu |nrn||g“°‘°>-10ag}

1
L[ molonimg ™ e "
¥

and then (3.3) follows. Hence, (3.7) and (3.3) are equitalen
By Holder’s inequality and the same way, we can obtain

1
| < { / . ma(o,x)\|x||§(i°+50>_i°fp(x)dx} "1,
R+

Then by (3.4), we have (3.7). On the other hand, assumind3h@tis valid, we set

4Bo—io nlj e g Intn -1 .
f(X) HXHU (Ze \XHE Coth(%)an (XGRE)
a

[w5(0, X)]

A

Then it follows _ '
B= [, @ xXI5 0 1Px)dx
R

+

By (3.7) and the same way, we can obtain

= { [ e P
+

io

1
. q
{zw5<o,n> M Ylintnf§ o ‘”‘“’aﬂ} ,
n =

and then (3.4) is equivalent to (3.7). Hence (3.3), (3.4)(@nd) are equivalent. O

IN

Lemma 3.4. If jo € N\{1},1 < G < jo,k(G) := [5’ & ¥ coth(v)y*~1dy, then we have

1
201

k(@) = |(2- ==2)U(8) ~ 1| T(@) € R, (3.8)

11



()

Wk(a)(” € Nloy, (3.9)

W) (0,Nn) =Ky(0) :=

where,{(0) = ¥,k °(0 > 1) is the Riemann zeta function (cf. [18]).
Moreover, if0 < B < 1, then we have

K1(G)(1—85(|IX[3)) < 0 (6,X) < K1(G)(x € R?), (3.10)
where, '
Ki(0) := L%.Nk(ﬁ) eR,, (3.11)
Blo-Ir(g)n°
05 (IXI3) = —— CAC " VW ldv— o( L ) c(01.  (312)
k(G) Jo XIS

Proof. By Lebesgue term by term integration theorem, we obtain

) \Y v 0 AV —3v
KG) — / eS8 \itgy= [ S 18 pigy
0

e'—e” 0o l-e?
= /()oo(e—v+e— ) Z) e 2kv0-1qy — %/ —(2k+1)v (2k+3>v)va‘1dv
- S @) =2 511 ()
- Z) (2k+ 1) (2k+3)° B k; (2k+1)°
- Z kO 2];1 Z k:I;y =[(2— Zall)Z(a)—l]l'(Er).

By (2.5), sinced = +1, we find

nHlang
~ p a0 %D Intn
w\(o,n) = Hlnran/i e o0, coth(—nH )QHB =)
R ME[312, (3%)7)4
X 1 Xt -+ - dX
T 1 1 UAg
M'0+5°[Z=°:1(%)“] 2 (i0+00)
nHlan
S n|lintn
oM o[- (10 |||nTnHB 048G & (io+ usdu
—oo qlof (19) o Mio+86g (io+30)
Mo(l o Intn
# / e Vcoth(v)\? dv(v = M)
alo~1r(12)no Jo M3ua

Hence, we have (3.8) and (3.9).

12



Moreover, by Lemma 2.1 and (2.5), we obtain

iy 55
ws(0,X) < / e_onHSYBcotF(nHInTyHB Ixla*dy
’ {yer'y> 1} X3 HInryHJo c’|‘|}°1yj
nlulg
_ — njju du
= % e vt cotn M8y I, gy
{UeR0u> 1n;} Xl uplo=e
nlullg
w5 [ nliullg, du
< HXIIG&’/J.Oe wE coth(— ) -
R Xl fu 2
; o1
iz 0, (ohP B j 55
—(— ) [Z ()P LNVCE 0[1X||o du
- [ e I3 coth
oo S R
[Zj:l(M)B] L
1 .
Mioro( 1) 1 nmtP M 3 %—ld
BT B —30 2 nMt t t
B I\LITOO Bjor(J_O) o / e & coth( x| ) — io-0
B a Mio—6t 8
ro(3) °° 5 Mt
) L / &V coth(v)VF~Ldv = Ko(@) (v= o).
Bio—2r (%2)n? Jo [1X[1§
By Lemma 2.1, (2.8) and (3.8), we find
nlintylg 55
_ I oMM, Xy
m)\(0,x) > / e coth( ok o U .
{yeROyi>e/1} Xla Tyl 2= ml,y;
nlulg

5 o nllulls, du
= |Ix , e IM& cot —— (U = InT;Y;
H H(X /{UERJJP;Ui>l} h( HXHg )HUHESO_O'( | Iyl)

S 1 )

_ Mbri(g) 1 _awb MtF . tF ldt

= X% gim —— P~ [ ek coth( T "t
O) %
M

Moo Blo lr(% [IX]1§ MjO*atJoB
locl © ) !
= - ([JS) _ 1/Be_VCO'[h(V)V0_ldV(V:nH !B)
BT (B g 13
rjo(l)
_ B ~11_ A 5
N Bjoflr(%)nak(o)[l eG(HXHq)]>Ov
1 5P
(k18 = = [ IMla 1
0 < 85(|1Xlla) K@) Jo eV coth(v)\° ~1dv

Sincee*"co}h(v)va*l — 0(v— 0", orv— o), there exists a positive constadntsuch that
e Vcothv)\WW—1 < L(ve (0,0)), and then

L ) L 1 .
0-(IIxlI < [ ° Jv= —— /B‘
(X0 < 157 ) M
Hence we have (3.10), (3.11) and (3.12). O

13



Note. The following references [38]- [43] provide an extensivedty and applications
of Analysis number theory related to the Riemann zeta fondtiat offers a source of study
for further research on Hilbert-type inequalities.

4 Main Results and Operator Expressions

We setds(x) == [[x||§"°"* 0 (x e RY),
jo . . )
W(n) := |‘|1n,-qfl|| InTn| 310~ (n € Nio),
J:

wherefrom [5()] = [x]a %, [W(n)[1P = 1112, n; 3 Intn] £,

Theorem 4.1.1f0<B <1, jo€ N\{1}, f(x) = f(x,-- %) = 0,80 =2an, ... ;) = O,

1
p

0 < Ifloo,={ [, s P000x| " <o

]R+
1
0 < [allgw={Yy Wnal}i <,
n

then we have the following equivalent inequalities with ltlest possible constant factor
K(o):

Al g
- n|lintn
=3 [ oot fdx < K () lpogJallw.  (4)
i JRY Xl
B (U o) %
e K& coth(———=—)f(x)dx
ZH'””‘HJ" P\ Jr? I3
< K(0)[[fllp.os (4.2)
1 nfintn|g rlHlanB a %
= ——_[Ye M& coth————F)a, | dx
{/R'f I 9 <Z X1
< K(o)|lalqw, (4.3)

where, Ko) = [(2— z1)¢(0) — 1] (0),

[o(l 113 ior1 %
K<o>—[ it A ] [ Tla) ] “9
Bl—tr(g)] |a™(g)] N
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Proof. By Lemma 3.2, Lemma 3.3 and Lemma 3.4, we have equivalentaiitigs (4.1),
(4.2) and (4.3). By Holder’s inequality, we still have

1
jo . . a
1 <J {Z rllnjq‘lu Inran(“’U)“’aﬂ} : (4.4)
n j=

1< { / IX|1§%° 097 £P(x)dx} P H. (4.5)
+

For0< € < g(o—1), we setf(x),a, as follows:
_ { 0, 0< X8 <1,

f(x) := —30-& i,
Xla IXIG > 1,

)

N i, 1 :
an = |||nrn||[(3cy @ J(’J.oi,neNlo.
j=1"

Then forc =0 — g(> 1), in view of (2.9), (2.10) and (3.10), we find
5 [ InTn||; o ~¢ g
f| a = / . X ioaadx} Rt
Flosslales = {[ o G S

o red) V[ TG %
= E{Gio_lr(iao)} {jg/BBjolr(jé))-l-EO(l) )

nfjintijg
~ - nliintlg, . =
I = / e & coth(———=—")a,f(x)dx
R? Z II15

X[l *o5(5, X)dlx

/{xeR‘Enx@zl}
1

> K@) [ Kl O
R xEzL IXI13
ro(2)
@ T (g)

—€05(1)

- k() [

€

If there exists a constait < K (o), such that (4.1) is valid when replacikg o) by K, then
in particular, we have




and therK (o) < K(e — 0"). HenceK = K(0) is the best possible constant factor of (4.1).
By the equivalency, we can prove that the constant fastar) in (4.2) and (4.3) is

the best possible. Otherwise, we would reach a contradidiio(4.4) and (4.5) that the

constant factoK (o) in (4.1) is not the best possible. O

We define two real weight normal spadqﬁa(ﬂ%iﬁ) andlqy as follows:

Lpoy(RY) = {f; [ fllpos = {/Rio ®5(x)| f (X)|Pdx} P < oo},

lgw

1
{a= tankillalay = (3 vl <o}
n
Following the assumptions of Theorem 4.1, in view of
J <K(9)[[fllp.os, H < K(0)[|@llqw,

we can give the following definition:

Definition 4.2. Define a first kind of multidimensional half-discrete Hilb&pe operator
To: Lpas(RY) = |pgio

as follows: Forf ¢ Lp‘%(Riﬁ), there exists an unique representafigri € |, y1-», satisfy-
ing

~ nljintig Inn _
(Taf)(n) = /ioe x5 coth(%)f(x)dx(n € Nloy, (4.6)
Ry a
Forac lqw, we define the following formal inner product f f anda as follows:
e n{/Intnljg
mf.a) =Y a / <A oot (e @4.7)
a

Define a second kind of multidimensional half-discrete Elittype operator

Toilgy — Lq1¢éfq(R'J$)
as follows: Fora € |y, there exists an unique representafioa € Lq qu—q(R:(a), satisfying
: o
|l intn|g Intn _
(Toa)(x Ze X1 coth(r]H|| HGHB)an(XG]R'ﬁ). (4.8)

Forf e Lp’%(Rijﬁ), we define the following formal inner product éfandT,a as follows:

nlintjg n H In

(f,Ta): /Ze X coth( i ||6HB)anf(x)dx (4.9)
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Then by Theorem 4.1, for & || f||p.o;, [|@//qw < o, we have the following equivalent
inequalities:

Mta) = (F,T8) < KO lpsslalew. (4.10)
HTlpr,‘Pl*p < K(O-)Hpr-,q)w (4-11)
[T2all o < K(0)[afqw- (4.12)

q.%5

It follows thatT; andT, are bounded since

Tqf -
= sup e

f(#0)eLpog(RY) [ 1l p.og
| T2a|

[Tol = sup
a0)clqy  llalqw

K(O-)7

1-q
q‘¢5

<K(0).

Since the constant factét(o) in (4.11) and (4.12) is the best possible, we have

. 1
rlo(l) p rio(; 4K o
||T1H=HT2||=K(0)=[ jo_lrﬁ,-O] [ MO
pi-ir(le)| |aloir(le)] n
Remark4.3. Fort =ein (4.1), we have the following inequality:
~ nflinenilg Inen
S [oe e MM o f0de < K(0) ) Ipogfalaw. (419
/R X

Hence, (4.1) is a more accurate inequality of (4.14). Inipadr, ford = —1, we have the
following inequality with the non-homogeneous kernel:

S [, & Kl el cotnin x| Inens an (91
mJRY
< KO Hlpo.yallqw- (4.15)
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