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Abstract

In this paper, by applying methods of weight functions and techniques of real
analysis, a more accurate multidimensional half-discrete Hilbert’s inequality with the
best possible constant factor related to the Riemann zeta function is proved. Equiv-
alent forms and some reverses are also obtained. Additionally, we consider the op-
erator expressions with the norms and finally present a corollary related to the non-
homogeneous kernel.
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1 Introduction

Assuming that p > 1,7+ 1 =1, f(x),8(y) > 0,f € L’(R),g € LY(R,),

11l = (77 x) " > 0.lel > o.

we have the following Hardy-Hilbert’s integral inequality (cf. [1]):
A IC{0)) T
———dxdy < ——— , 1.1
] vy < sl el (1.0
where the constant factor 7t/ sin(rt/p) is the best possible.

1
If am,b, > 0,a = {am}fi:l elrb= {bﬂ};ozl €, HaHP - (E;‘;:laﬁl)p > O,Hqu >0,
then we still have the following discrete variant of the above inequality with the same best
constant factor 7t/ sin(xt/p) :

[ee] o0 ambn n
b 1.2
nzlrglm+n<sin(n/p)”a“p” Hq (12)




Inequalities (1.1) and (1.2) are important in Analysis and its applications (cf. [1], [2], [3],
[4], [5], [31]).

In 1998, by introducing an independent parameter A € (0,1], Yang [6] presented an
extension of (1.1) for p =g =2. In 2009-2011, Yang [3], [4] obtained some extensions of
(1.1) and (1.2) as follows:

If A, Ao, A € Ry + A = A,k (x,y) is a non-negative homogeneous function of degree —A,

k() =/0 lo. (1, )M e € Ry p(x) = P21 ap(y) = y10722)71 £ () g(y) >0,

fELpe(Ry) = {f2||f||p,¢ = (/Ow¢(X)|f(x)|pdx>; < 00},

g€ Lyyy(Ry), [ fllp.os11gllga >0,
then we have

| [ o) s@eoidsdy < k00l Al (13)

where the constant factor k(A;) is the best possible. Moreover, if k) (x,y) is finite and
ky. (2, y)xM =1 (k. (x, )y 1) is decreasing with respect to x > 0 (y > 0), then for a,, b, > 0,

1
P

a€lpy=1qallallpe = <E ¢(n)|an|”> <o,
n=1

b=A{bn}u=1 € lgwllallp.e: 1Bl > 0,

we have

8

33 tommanbn < K0l gl (14

where, the constant factor k()» ) is still the best possible.

Clearly, for

1 1 1
7\: ],kl(x,y) :.x——’_))’)\,l = 577\2:;7

(1.3) reduces to (1.1), while (1.4) reduces to (1.2). Some other results including the multi-
dimensional Hilbert-type integral inequalities are provided in [7]-[20].

Regarding the topic of half-discrete Hilbert-type inequalities with non-homogeneous ker-
nels, Hardy, Littlewood and Pélya provided a few results in Theorem 351 of [1]. However,
it was not proved that the constant factors are the best possible. Yang [21] presented a
result with the kernel 1/(1 -+ nx)* by introducing an interval variable and proved that the
constant factor is the best possible. In 2011 Yang [22] proved the following half-discrete
Hardy-Hilbert’s inequality with the best possible constant factor B (Aj,Az):

IRC) e

dX<B(M,Kz)HmeHan, (1.5)

where,

® 1
7\17\2>0,0§7\2§1,}&14—7&2:7&,3(14,\/):/ (] tu_ldt (u,v>0)
0

_|_t)u+v
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is the beta function. Zhong et al ([23]-[28]) investigated several half-discrete Hilbert-type
inequalities with particular kernels.

Using the method of weight functions and techniques of discrete and integral Hilbert-
type inequalities with some additional conditions on the kernel, the following half-discrete
Hilbert-type inequality with a general homogeneous kernel of degree —A € R and the best
constant factor k (A} ) is obtained

|16 3 kaemandx < k()1 polallg (16
n=1

which is an extension of (1.5) (see Yang and Chen [29]). Moreover, a half-discrete Hilbert-
type inequality with a general non-homogeneous kernel and the best constant factor is given
by Yang [30].

Remark. (1) Several different kinds of Hilbert-type discrete, half-discrete and integral in-
equalities with applications have been proved during the last twenty years. In this paper,
special attention is given to new results proved during 2009-2012. Several generalizations,
extensions and refinements of Hilbert-type discrete, half-discrete and integral inequalities
involving many special functions such as beta, gamma, hypergeometric, trigonometric, hy-
perbolic, Riemann zeta, Bernoulli functions, Bernoulli numbers, Euler constant etc., are
discussed.

(2) Yang presented several new results on Hilbert-type operators with general homoge-
neous kernels of degree real numbers and two pairs of conjugate exponents as well as the
related inequalities (see [3], [4], [5], [31], [32]).

In this paper, by the use of the method of weight functions and techniques of real anal-
ysis, a more accurate multidimensional half-discrete Hilbert-type inequality with the best
possible constant factor related to the Riemann zeta function is provided. Equivalent forms
and some reverses are obtained. We also consider the operator expressions with the norm
and a corollary related to the non-homogeneous kernel.

2 Some Lemmas
Lemma 2.1. Suppose that (—1)'h% (1) > 0(t > 0;i =0, 1,2). Then
(i) for b>0,0 <a <1, we have

. dt
(—1)’Eh((b+x°‘)%) >0 (x>0i=1,2);

(ii) for f; h(t)dt < o, we have
/1 h(t)dt < n;h(n) < A h(t)dt. 2.1)
Proof. (i) It holds
ah((b—kx“)%) = 1 ((b+x) ) (b+x*)a1x* ! <0,
CH(b+xE) = S (b 25 (b 2y )



= h”((b+x ) ) (b+x%)a 2202
< — DI ((b+x%) %) (b4 x%) 5222
<—1>h’<<b i) (b+x%)a 102
= W (b4 x")) (b4 x%)a 2202
Fb(o— DI ((b+x%)a) (b +x%)d 22 > 0.

Q=

(ii) Since h(t) is a decreasing convex function, by Hermite-Hadamard’s inequality (cf. [34]),
we have

n+1 n+%
/ h(t)dt < h(n) < / " k@)t (neN),

2

and thus

© n+1 ©
/lh(t)dt = 2/ h(t)dt<nzlh(n)

Hence (2.1) follows. ]
Note. If (—1)'a()(t) > 0(t > 0;i = 0,1), [ h(t)dt < =, since h(n) < [ | h(t)dt (n €N),
we still have . .

> h(n) <y / h(t)dt = / h(t)dt

n=1 n=17n-1 0

Ifip, jo € N, o, > 0, we define

1

io a ,
[l := (E \Xk\“> (= (x1,-++,x;,) €RY),

k=1

Iyllp = (; b’k‘ﬁ> = (y1,*,¥j,) ERP). (2.2)

Lemma 2.2. Ifs € N;y,M > 0,%(u) is a non-negative measurable function in (0,1], and
Dy = {x ceR0<u=73, (%)Y < ]} , then we have (cf. [31])

[ fr (3G

In view of (2.3) and the condition, it follows that:
(i) For RS, = {x eR0<u=3 (%)Y <1(M — 00)} , we have

. MSFS(%) 1 - .
/ /Y < )dxl d)«qul&llinoO ysl“(i) /Oll’(u)w du; (2.4)

4

) oo
)d)q ~dx, = YSF(i) /O‘IJ(u)uv du. (2.3)

1:




(ii) for {x € R3[|, > 1} = {x ERLM T <u=3, (%) <1
(M — )}, setting W(u) =0(u € (0,M™7)), we have

xl
/ /{||xy>1} <,_1 M) ) dx;---dxg, (M >1,M — =)

1

)
= lim - / W(u)ur du; (2.5)
M— YSF(;—{) M-

(i) for {x € R%:[lxlly <1} = {x e R0 <u=31, ()" < 3}

setting W(u) = 0(u € (557,%)), we have

/m/{nxysqu <21 (1)‘6_4>Y> e

M)

= S W(u ui_ldu; (2.6)
TG b P

@iv) for

N il Xi\Y
{xeRL i >1}=qxeR;— <u= <—> <I(MY > ;M — ) 5
M ,; M

setting W(u) =0 (u € (0, 3)), we have
[l (S o
frx1y \ A \M
Msrs(l) 1 -
= lim ! / W(u)ur~ du; (2.7)
M—o0 ysr(?) sM—Y

Lemma 23. Ifs€Ny>0,e>0,c=(cq,-,c5) €10, %]S, then we have

e INE)
/ /{xeR‘ x,>1}HXHY e d = est/ys1T(2) 1I“( )’ 28)
E||m— el L%)+0(1)(8—>0+) (2.9)
e/yy‘vfll"(;_;) ’ :

Proof. By (2.7), it follows that

// ||x||Y_s_€dx1...dxx
{xeR x;>1}

1 —5—¢€

s xl v
/ /{xERi =1} (lzl M ) B '



MTS 1 1 s 1
= (Y)/ (Mu'/My =5~y = ) (2.10)
i PTG s e/ T()
Hence we have (2.8).
By (2.1) and (2.8), we obtain
m—c _S_€>/ x—c _S_de:/ ull,* tdu
;H Ily (R et [lx—cll {ueR»;;u,-zl}H I,
1 —5—¢€
s u; Y
= i M Hiyy dur---d
Mlinw/ /DM z;(M) uj U
(L) s ()
Iim YivY (MVl/Y)ixievyildV = /7_\{1“ (211)
M= YL(3) Jsm es*/ Wy~ (35)
Fors=1,0 < 3% [[m—c[|; "¢ < oo; for s > 2, by (2.7), we get
s —(s—1)—(1+
0 < S meey Tt <atr S im0
{meN$Jig,miy=1,2} {meNs—lim; >3}
< a+ Hx—cHY_(S_l)_(Hs)dx
{xeRﬂ:l xi>1+¢i}
— a+ HuHY—(S—l)—(l-’rS)du
{ueR > 1}
rsfl(l)
= a4+ ! < +x (a€Ry).
RSO e Y A
Thus we obtain
0 < el
{meNs;m;>1}
- S fm—cl S el
{mENS;Himm,-O:LZ} {meNsm; >3}
< o()+ |Jx—c||,*"dx
{xeRS x> 14}
0(1) ) (e—0") (2.12)
= Ol)+——————=—=(—=0"). .
s—1T( 8
est /1y I0(3)
In view of (2.11) and (2.12), (2.9) follows. O



3 A More Accurate Multidimensional Hilbert-Type Inequality
with Parameters

In this section, we set iy, jo € N, o, > 0,p € R\{0, 1}, % +% =1.
Definition 3.1. Letx= (x;,--- ,x,) R, n=(ny,--- njy) ENIO T= (11, 1) €0, 1],

de{-1,1},p>0,0<n <0< jo, csch(u) :=2/(e" —e ") be the hyperbolic cosecant
function. Let the two weight coefficients wg(0,7) and ws(0,x) be defined as follows:

=l s
os(on) i =ln=tlf fy eseh | Tt Il bds @

) plln—ll;
w(0.) :=mm“2mm<——gﬁ-n—n°ﬂ (32)

m [l la
where, 3, = 3, 1 Sn=1-

Lemma 3.2. By the assumptions of Definition 1, if both ws(0,n) and ws(0,x) are finite,
f(x) = flxr,---,x;) > 0,a, = Ay mjy) = 0, then
(i) for p > 1, we have the following inequality:

[[n =[5 pl[n |} N
J| = S L ' P il p
| <2mm@mv4 foee TR A

< (o mlomlall " (o ) 63)

(Il plin—ll3
h’<AMW®JW1<2“ <\mr ) ) )

< (Ewa(o,nﬂln—rll‘g’“ o f“aﬁ) ; (34)

(ii) for p < 0, 0or 0 < p < 1, we have the reverses of (3.3) and (3.4).

Proof. (i) For p > 1, by the weighted Holder’s inequality (cf. [34]), it follows

plin—ll3
/io csch <78B f(x)dx
R el

B plln =g\ ([l px) | [ 1In- ﬂw°@”
- RO csch o (jo—0)/p (io+00)/
: AN Il




1
pHn_.cHn (io+d0)(p—1) »
< /i csch 5 | Ik || S (x)dx
RY [l [n—llg™

1
N
plln—l[f\ lln—llg> @
X /i csch o Py dx
R 1% EE

— (wy(o,n))¥||n—l]

1
plln—l[g (o +20)(p ’
x /,_ csch . el — fp()x . (3.5)
R} ] [r” [n—|lg~

Then by the Lebesgue term by term integration theorem (cf. [35]), we have

plln =l [+ ‘
E/ csch 5 i) Il — fp(x)dx
w R [l [l |l
p||n—17||” (io+080)(p—1)
= / Ecsch 5 B ) [k H 5 fP(x)dx
K0 4 W) D=

»

= ( o Wa(o,X)||X||ﬁ(i°+8O)iofp(X)dX> : (3.6)

Hence, (3.3) follows. Similarly, we obtain

plln e
Sesch <78ﬁ a < () )
a

1
)(g—1) 4
plln =\ lln—l[§"~
q
X Ecsch( o 5| -
o

[l

==

Ji

IN

<=

Thus, by the Lebesgue term by term integration theorem, similarly to the way we obtained
(3.6), we get (3.4).

(ii) For p < 0, 0r 0 < p < 1, by the reverse weighted Holder’s inequality (cf. [34]), we
obtain the reverse of (3.5). Then by the Lebesgue term by term integration theorem, we can
obtain the reverse of (3.4). O

Lemma 3.3. With the assumptions of Lemma 3.2, we have
(i) for p > 1, the following inequality equivalent to (3.3) and (3.4) holds true

plln
=3 ( IR )a”f(x)dx

1
< ( Lo w5<o,x>||x||ﬁ<"0“"’>"°fp<x>dx> | (E wa<o,n>||n—r||§“'°"”°az)q (3.7)
+ n
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(ii) for p < 0, or 0 < p < 1, we obtain the reverse of (3.7) which is equivalent to the
reverses of (3.3) and (3.4).

Proof. (i) For p > 1, by Holder’s inequality (cf. [34]), it follows

el ol —[?
I:E 1 /,- csch | ———— | f(x)dx
e op(o )t K W

o) J0
< ((stomyilin=l™" e,

1

PP q
< s (Sostomln-dif )
n

Then by (3.3), we obtain (3.7).
On the other hand, assuming that (3.7) is valid, we set

—j -1
[ln =l plln—1ll3 ! :
ay = 7[3;:—1 /io csch 7&][& f(x)dx ,n €N/,
[ (0, n)] R ||x]|o

Then it follows that

n*

I =S ws(o,n)|ln =i ag
n

If J1 =0, then (3.3) is trivially valid;
if J; = oo, then by (3.6), inequality (3.3) reduces to an equality (= ©).
Suppose that 0 < J; < ». By (3.7), we obtain

0 < Soylo,n)|ln—[* P ad =7 =1
n

1
: (Aiowa<o,x>r\xr\5<f°*é°>"°fp<x>dX>p
+

1

q

X (Ewg(o,n)Hn—‘cHg(j"_o)_jan> <.
n

Therefore

1
L o P
ho= (}jwa<o,n>un—rug“° X )

n

P

< ([ otz 0 rgar )
+

and then (3.3) follows. Hence, (3.3) and (3.7) are equivalent.
Similarly, by Holder’s inequality we obtain

»

Is < / o T (0,)| ][00 f”(x)dx) .
R+

9



Then by (3.4), we have (3.7). On the other hand, assuming that (3.7) is true, we set

—1

n

[ plin—l[3)" "’ i
f(x):W (ECSCh(Wznﬁ a, (X€R+).

Then, it follows
o0
5= [ wo(elf e
+

Similarly, by (3.7), we get

1

io= ([ ool )
+

1
(St a ).

and then (3.4) is equivalent to (3.7).
Hence (3.3), (3.4) and (3.7) are equivalent.

IN

(ii) For p < 0, or 0 < p < 1, we similarly obtain the reverse of (3.7), that is equivalent

to the reverses of (3.3) and (3.4).

Lemma 34. If
ol

2 &

p>0,6>n>0,§<9>:
n =1

where T(-) stands for the Riemann zeta function, then we have

io (1
(1) = () = ).

k() = npif’/nr (%) <1 - 2;/n> € (%) € R, (neN¥).

Moreover, there exists a 0 € (0,1), such that (1 —8)S > 1.
IfO<B<1,m<1,0<n<0< jo, then we obtain

Ki(6)(1—65(][xl[2)) < w5(6,%) < Ki(G)(x € RY).

where,

oy
:mk(0)€R+,

O

(3.8)

3.9)

(3.10)

1 ® P\ s 1
|~ 8 = — B o 1 fr—
O ([[x[12,) : ) Axgjol/ﬁcsch(m)t dt =0 (qug%) €(0,1). (3.11)

10



Proof. By (2.4), since d = £1, for

M
py" plln—|
hmw:mm<ﬁjmmmww4mhmw<7ﬂﬁﬁ,
Xl la

we find

N
io o
~ _ _ _||0 d Xiva _
%@mwmt%AwaM<§w>>wnﬂm

i=1

1
X del---dxio
MO+ (Eiozl(j)l%)a> ¢
zo lo lko M ua ||n THB) d
T i T ’0 | - Hﬁ/ MO+ !

F’U
= e ko v, 1)y o dy
OL’O 11" lo
rl() 1 [o.¢] -
= ¢ csch(ﬂ)v_o_ldv.
) Jo "

a~1P(2 v

© . © 2 ~
/ CSCh(B)VioildV—/ ﬁ 7071dV
0 vn 0 evﬂ _ev‘”l
% % /oo M(G/ﬂ)—ldu _ 3 / 67(2k+1)uu(6/n)71du
np/MJo et(1—e) np"/“ 0 /20

2 Q[ 5
_ np—a/ﬂE /0 o~ Dy (G/m)—1 g
k=0

=2kt 2 - 1 /weftt(S/Tl)*ldt
np"/“kz (2k+1)°/m Jo

1
- npd/n (E ko/M kzl 2k)5/n>

2 6 1 o
= np—gmr(ﬁ)(l—m)l(ﬁ)-

Hence, (3.8) follows. Moreover, since 0 < < 1,m < 1,0 < jo, we get

9 AN 9 " 5

PR (csch( o )y <0, 7 csch(— o o) >0,
and by (2.1) and (2.4), we obtain

_ e dy
m@@<<wm%4 k(11 1y —<llp)

yeR 21} ly—/[#~°

~ du

—00 o
— Ix _ ko(]]x u P——
1% /{ueng;ug;r,-} o[l I HB)HMHIJ;—O

11

Thus we obtain

u




du

< —d0 d _
< Il /Rjoko(HxHa,HMHﬁ)HMH]-O_O
FJO( )
= ‘117]/ kovl —0- ldV—Kl( )
0 JU
po-IT(g)

By (2.1), (2.7) and (3.8), we find
~ —80 5 dy
wy(0,x) > |[x]]g o ko([l¥lla Iy =llp) ———==%
{veRYyi> 147} Hy—‘cHBO

R du
—d0 5
Il /{ueR"f;uPl} ol | HB)H"‘H[J;_O

MJ'OFJO(%) /1 ko (||| 12, Mv%) ,0 1
lim
M= o= 1F([§) - (Mvﬁ)jo—B

B

ro(1 Il g/ _
rﬁf’()j_)/ ! ko(t,1)t = dr
B
)
J!

dv

= |lxllg™

[‘Jo(%

RN 05 (Ilx/la)] >0,

1 b P, 5
0 < 0a(lII%) = 57 /. SR

Since we have o
t(e_l)"csch(t%)%o (t— 0", ort— ),

there exists L > 0, such that
1(6-1)3 csch(tp )<L (teR})

and then -
L](eo)/ﬁ

L « e 1
O () < = [ =T
k(o) Sy k(0)80 ||x| |30
Hence (3.9), (3.10) and (3.11) follow. ]

Note. The following references [36]-[43] provide an extensive theory and applications of
Analytic Number Theory related to the Riemann zeta function that offers a source of study
for further research on Hilbert — type inequalities.
Setting
s (x) 1= [l |00 W) 1= || ][0,

io+00)—i i
By (x) := (1= O (|[x][%)) %[5 (8, (|1¥][%) € (0,1);x € R?),

by Lemma 3.3 and Lemma 3.4, we obtain

12



Theorem 3.5. Suppose that

1.
Q>O,O<B§I,T:(Tl,"',TjO)G[O,E]ﬂ), de{-1,1},p>0,n<1,0<n <0< jo.

Ifp>1, f(.X) :f('x17"' 7xi()) >0,an :a(n1,~~~7n.,~0) >0,

0<I1la, = ( fyy @000 a) " <=

q
0 < llallyw = SWn)ag )" <.
n

then we have the following equivalent inequalities with the best possible constant factor
K(o):

) (el -
1=3 fpeseh | =t | a0 < K@ lpay lallgw, 612

o
[l

1
pO'ij pHn_‘CHE b r
Jim | D=l ( [ eseh S ) 1@) ) <K@l @1
n + X|lao
1
H:= / ||x||76qo*"0 csch M a qu q<K(0)||a|| (3.14)
= Ve M e ) e

where

| ~—

B ( Fjo(%. )%( Fio(é). )ék(o).
Bo-IT() oo~ 10()

In particular, for ip = jo=1,t € |0, %],p >0,0<n<o<l,
s (x) 1= 2P () 1= (n - ),
we have the following equivalent inequalities with the best possible constant factor k(o) :

o 0 -\
S [ esch (M) anf (@ < k()| fI1pgs o G.15)
n=1

X

1

(E} (n—v! ( | ese (p(”xé%m f(X)dx> p) "kl G6)
(/wa—aqg_l <§lcsch (p(”xé%)n) an> qu) é <k(@)allyy.  G.17)

13



Proof. By Lemma 3.2, Lemma 3.3 and Lemma 3.4, we get equivalent inequalities (3.12),
(3.13) and (3.14). By Holder’s inequality, we have

1
Igj(Eun—r\!g“"_‘”‘f“az> " (3.18)
n

1
1< < /R ]k f”(x)dx) "H. (3.19)
+

For 89 = min{n,0—n, jo — 0},0 < &€ < gdy, we set f(x),a, as follows:

. 0,0 < ||x||2 <1,
f(x) = { —60—%—1'0 )
[l e Axlle = 1,
~ (0_,%)_].0 i
ay ‘= ||n—‘c||B ,ne NP,

Then for0 < 6 =0— §(< Jo), in view of (2.8), (2.9) and (3.11), we find

1 1

~ . 14 - q

|lal = _ x| |00 g E n—= _]°_8>
1ot = ( gy, Il )" (1=l

i > o (1 !
_ l [‘o(é) ’ FJO(B) +80(1)
€ aio—ligs/o‘r(%) jg/ﬁﬁjo—lr(j())

71'0768
[N PR XCRE

1

Il 300

> Ki(0)

. x|[Z07% (10 dx
/{xeR’E:xnzzl}H a4 ( )

io (L
= 1K) (Omrli(;‘()&)—soa(l))

If there exists a constant K < K(0), such that (3.12) is valid when replacing K(0) by K,
then in particular, by the above results, we have

Ki(3) <_ r(z)

| de/ar i —e05(1) | <el <eK||f]|pollallqw
i T(%2)
0 o

1

B l—‘i"(é) % 1"]’0(%) a
— K(wwr(%)) jg/ﬁﬁjoflr(jo)jtso(l) ;

and thus K (0) <K (¢ — 0"). Hence K = K(0) is the best possible constant factor of (3.12).

14



By the equivalency, we can prove that the constant factor K(o) in (3.13) and (3.14) is
the best possible. Otherwise, we would reach a contradiction by (3.18) and (3.19) that the
constant factor K (o) in (3.12) is not the best possible. [] O

Theorem 3.6. By the assumptions of Theorem 3.5,if p <0 (0 < g < 1),
fx) = flxp,-,x) >0, ay = Ay mjy) >0, 0<||fllpo, <®, 0<||al|gw <,

then we have the equivalent reverses of (3.12), (3.13) and (3.14) with the best possible
constant factor K (o) :
In particular, for

1
iv=jo=1,t1€|0, ]p>00<n<0<1

s (x) and (n) as indicated in Theorem 3.5, we have the equivalent reverse of (3.15), (3.16)
and (3.17) with the best possible constant factor k(o).

Proof. We only prove that the constant factor K(0) in the reverse of (3.12) is the best
possible. The rest is omitted. For 0 < ¢ < gdy, 0 = 0 — %, we set f(x),d, as in Theorem
3.5. If there exists a constant K > K(0), such that the reverse inequality of (3.12) is valid
when replacing K (o) by K then, we obtain

io (1 ’ jo (1 a
K( FQ)(')) 0o

aio—ligﬁ/ar o jg/BBjO—lr(]o)

B
= ¢K||f] al <el < s/ _ x||5 0%y (5, x)dx
7ol [ YO
_ . rio(l)
< €K 0/ _ x| |20 % gy = Ky (G) —— 22—
2(0) {xeR'ﬁ;nxugzl}” la 2(6) ol 1T (L)

and thus K < K(0) (¢ — 07). Hence K = K(0) is the best possible constant factor of the
reverse inequality of (3.12). [J O

Theorem 3.7. By the assumptions of Theorem 3.5,if0 < p <1 (¢ <0),
f(x) :f(xlv"' 7xl'0) >0, a,= a(’ll7"'7nj0) >0,0< Hprﬁ)é <o,0< Hqu,‘I’ < o,

then we have the following equivalent inequalities with the best possible constant factor
K(o):

plln—[}
> / , < )anf<x>dx>K<o>||f||p§6||a||q,qj, (3.20)

Il

plln—|! %

Slin—lff7# { [, esch S )W) | K©@Ilg, G20
P ML TAUAY

</IO (1_!\g(lj\||x||6 (E o — Py, ) dx| >K(0)allyw. (322

n

15



In particular, for i = jo = 1,1 € [0,3],p > 0,0 <M < 0 < 1,5 (x) and (n) as defined
in Theorem 3.5,

Gs(2) = (1 - 0()x 179071 (0,(%) € (0, 1):x € Ry.),

we have the following equivalent inequalities with the best possible constant factor k(o) :

S ) eseh (S ) s> (@l el (323

(2 (n—T)r! < /O " esch (p(”xé%)n> f(X)dx> p) " ko) flos.  (324)
</Ow% <E csch( —)" )an>qu>a > k(0)|lal|gay- (3.25)

Proof. We only prove that the constant factor K (o) in (3.20) is the best possible. The rest
is omitted. For 0 < & < |¢|8, 0 =0— (< jo), we set f(x),ay as in Theorem 3.5. Then in
view of (2.5), (2.6) and (2.9), we get

1

~ . P
~ |lal _ , X —ig—0¢e 1— X 660 dx>
1 e = (] =002

1

e\ ¢
(-l )
n

= <&)(')—55(])>[7 Lﬁ).‘f‘so(]) .

an g Tl i BT

If there exists a constant K > K(0), such that (3.20) is valid when replacing K(o) by
K, by (3.9) and the above results, we have

Tio(Ll » » I‘jo(l) q
K %—80(1) e +0(1)
i 15T () P T()
= eK||f|| = |la <el < s/ —i0=% s (5, x)dx
1713, @l o 16,9
~ ) _ ]‘io(l)
< ek 0/ _ x||5 0% dx = K (&) ——2%—,
o) {XGR'i’:IIXH?;Zl}H la 2 )OUO—IF(’EO)

and then K < K(0)(e — 07). Hence K = K(0) is the best possible constant factor of (3.20).
U
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For p > 1, we set
@y (x) = [x] |20 (x € RY), W(n) = [[n—[[77 P (n € NI

and hence
B . B Soo—i
[W(m)]"7 = |ln—||§" ", [@s ()] 77 = ||l

We define two real weight normal spaces L, o, (R ) and [, w as follows:

Loy (RY) 5 = (f;ufup,%: ([ meireora) <oo>,
b =(az{an};nanq,w:(;wn)mnw)‘l’w).

By the assumptions of Theorem 3.5, in view of

J <K fllp.w,> H < K(0)llallgw,
we formulate the following definition:

Definition 3.8. We define a first kind of multidimensional half-discrete Hilbert-type opera-
tor 77 : Lp7q>6(R ) = 1, w1 as follows: For f € L, o, (RO) there exists a unique represen-
tation 71 f € 1, y1-», satlsfymg

(Tif)(n) == /R osch (W) F(x)dx (neNi)., (3.26)

0 x

For a € I, y, we define the following formal inner product of 77 f and a as follows:

(T\f,a) Ean / esch (p("xa%)n> anf (x)dx. (3.27)

We define a second kind of multidimensional half-discrete Hilbert-type operator
T2 lq\p —)L 1 q(RlO)
as follows: For a € [, y, there exists a unique representation
Tza € Lq7¢‘é—q (lei ),

satisfying

(Tha)(x Ecsch ( —)" ) a, (x€RY). (3.28)

For fe L, %(R ), we define the following formal inner product of f and T»a as follows:

(f, Tha) : / Ecsoh( )>anf() (3.29)

17



Then by Theorem 3.5, for
O <IAllpass lallquw < o=,

we have the following equivalent inequalities:

(Tifia) = (f.70) < K(O)||fllpay lallyw, (3.30)
Tl s < KO Fllpys (3.31)
ITaall, g0 < K(O)lallg. (3.32)

It follows that 77 and 75> are bounded with

T, _
ml o= s e g
sty @) [Mllne
||T2all,, g1-a
1Bl : = sup ——"—— <K(0).

a0 el lallqw

Since the constant factor K(0) in (3.31) and (3.32) is the best possible, we obtain

rjo(l) % Fio((lx) zlz
ITi]| = |T2]| = K(0) = (61.0_1&].0)) (w’olr(’g)) k(o). (3.33)

4 A Corollary on § = —1

Corollary 4.1. By the assumptions of Theorems 3.5-3.7, for d = —1,
@(x) = |7 and D(x) = (1-0o(| x| P():

(i) If p > 1, then we get the following equivalent inequalities with the best possible
constant factor K(0) :

> [ ese (pllt 2l —lf}) a,s(dx < K(@) Al pollal o (.1)

. PN b
(Slin=elgr ([ eseh (plllitn—slp) i) )" <K@l 82

1
, q q
q0—io N, " .
(/R o Il (}njcsch(pnxnaun r||ﬁ)an> dx) <K(O)llallw:  @3)

(ii) if p <0 (0 < g < 1), then we have the equivalent reverses of (4.1), (4.2) and (4.3)
with the same best possible constant factor K (o);

(iii) if 0 < p < 1 (¢ < 0), we obtain the following equivalent reverse inequalities with
the best possible constant factor K (o) :

S [ esch (pllltlin—ll}) anf s > K@)l gllallgws @4

18



N
(Slin=ellr ( fy eset (olatitin =) st )" > K(@ifl 50 @9

1

</ng (1-6 H('y'\j\;) (ECSC’I(PHXHT‘HH rH“) n>qu>q

> K(o)l|al|gw. (4.6)

In particular, for iy = jo=1,t € [0,3],p > 0,0 <m < 0 < 1, we set

¢(x) == 277 Gx) = (1-05(x 1)) (x € R4),p(r) = (n—1)"' "' (nEN).

(i) If p > 1, then we have the following equivalent inequalities with the best possible
constant factor k(o) :

E/O csch(px" (n =)V )an f(x)dx < k(0)||f]lpgllallgmy, 4.7)
n=1

1

<’§1(”—T)ml (/Ow csch(px“(n—r)“)f(x)dx> )p <k(O)||fllpg,  (4.8)

1

S a a
(/ x99-1 (E csch(px(n—t)")a n> dx) <k(o)]lallgy: (4.9)

(ii) if p <0 (0 < g < 1), then we have the equivalent reverses of (4.7), (4.8) and (4.9)
with the same best possible constant factor k(0);

(iii) if 0 < p < 1 (¢ < 0), then we have the following equivalent reverse inequalities
with the best possible constant factor k(o) :

S [ eseh(pe(n=0)"anf (5)dx > k)] 1l el (4.10)
n=1

o o »\ 7
<Zl(n—r)p"l </0 csch(px“(n—‘c)“)f(x)dx) ) > k(0)||f1],; (4.11)

= ol w ¢ \i
</0 (1—90()6*1))‘1*1 (Z}CSCh(px“(n—t)“)an> dx) >k(0)||a||q’w. 4.12)
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