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Abstract We introduce some new higher dimensional generalizations of the Dedekind
sums associated to the Bernoulli functions and of those Hardy sums which are de-
fined by the sawtooth function. We generalize a variant of Parseval’s formula for the
discrete Fourier transform to derive finite trigonometric representations for these
sums in a simple unified manner. We also consider a related sum involving the Hur-
witz zeta function.
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1 Introduction

The classical Dedekind sum is defined for h € Z, k € N:={1,2,...} by

= T (@)((%)

a (mod k)

M. Th. Rassias

Department of Mathematics, ETH-Ziirich, Ramistrasse 101, 8092 Ziirich, Switzerland

& Department of Mathematics, Princeton University, Fine Hall, Washington Road, Princeton, NJ
08544-1000, USA

e-mail: michail.rassias @math.ethz.ch, michailrassias @math.princeton.edu

L. T6th
Department of Mathematics, University of Pécs, Ifjisag tdtja 6, 7624 Pécs, Hungary
e-mail: Itoth@gamma.ttk.pte.hu



2 M. Th. Rassias and L. T6th

adopting the usual notation

-4 ifxgz,
(@)= {0, ’ if xez,

where {x} :=x— | x] stands for the fractional part of x (cf. [9], [13]). If ged(h, k) =1,
then s(h, k) can be represented as

1 k] Ta wah
S(h,k) = @a;lcot (?> cot (k) (l)
and 1 > 1 h
Tr
=— “cot| =2 ). 2
s(h, k) > ; rcot( . ) )
r#0 (mod k)

The identities (1) and (2) were derived in 1933 by H. Rademacher [12] in order
to obtain a simple direct proof of the reciprocity formula for the Dedekind sums.
See also [13, pp. 18-25]. According to [1, p. 347], (1) was obtained earlier, in 1923
by H. Mellin. The identity (1) is also the starting point for various generalizations
of s(h,k). See, e.g., the papers of M. Beck [2], U. Dieter [8], D. Zagier [16].

It is known that (1) is a direct consequence of a variant of Parseval’s formula for
the discrete Fourier transform (DFT). See the paper of G. Almkvist [1, Sect. 6] and
the book by M. Beck and S. Robins [4, Ch. 7]. More specifically, consider a function
f:Z — C, which is k-periodic (periodic with period k), where k € N. We define the
DFT of f as the function f = .% (f), given by

f= ¥ flaye @/ (nez).

a (mod k)

Furthermore, if f] and f, are k-periodic functions, then their inner product is

(f.ry="Y fila)f(a),

a (mod k)

having the property
1 ~ ~
<f17f2> = E<f17f2>7

or equivalently,

Y f@pt-a=; ¥ Fil@h. G

a (mod k) a (mod k)

Now, (1) follows by applying (3) to the functions

n@=(()): ra=((4))



Generalized Dedekind and Hardy Sums 3

and using the fact that the DFT of the sawtooth function is essentially the cotangent
function.

It is the aim of this paper to exploit this idea in order to deduce similar fi-
nite trigonometric representations for certain new generalized Dedekind and Hardy
sums, in a simple unified manner. Our results are direct applications of a higher di-
mensional version of the identity (3), included in Theorem 1. We derive in this way
Zagier-type identities for new higher dimensional generalizations of the Dedekind
sums associated to the Bernoulli functions and of those Hardy sums which are de-
fined by the sawtooth function. Note that all finite trigonometric representations we
obtain contain only the tangent and cotangent functions, and are special cases of the
Dedekind cotangent sums investigated by M. Beck [2]. Therefore the reciprocity
law proved in [2, Th. 2] can be applied for each sum.

Furthermore, we consider a related sum, studied by M. Mikolas [11], involving
the Hurwitz zeta function. We remark that (3) was used to evaluate some finite
trigonometric and character sums, but not Dedekind and related sums, by M. Beck
and M. Halloran [3]. We point out that the identity (2) can be obtained from (1)
using another general result (Lemma 2 in Section 4).

2 Properties of the DFT

We will apply the following general result.

Theorem 1. Let fi,..., fi, be arbitrary k-periodic functions and let hj € Z, gcd(h;, k) =
1 (1 < j<m), where m,k € N. Then

filarh)- - fulanhn) = Y, Fi(ah) - fu(ahl,),

ay,...,am (mod k) a (mod k)
aj+...+a, =0 (mod k)

where h’j is the multiplicative inverse of hj (mod k), that is h jh’j = 1 (mod k) with
1<j<m.

Proof. We only need some simple well known facts concerning the DFT. See, for
instance [15, Ch. 2], [4, Ch. 7]. The Cauchy convolution of the k-periodic functions
J1 and f> is defined by

(fi®f)(n) = Y filafala) =Y. fila)friln—a) (ne),

ay,ap (mod k) a (mod k)
aj+ar=n (mod k)

which is associative and commutative. Also,
f1® 2= fifz.

More generally, if fi,..., f;; are k-periodic functions, then
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ng(fl ®"'®fm> :f(f]),g(fm)
Recalling that
F(F()n) =kf(=n) (n€),
which is valid for every k-periodic f, this yields

k(fi@--- @ fu)(=n) = F(F (f1) - F (fu)) (n),

that is

filar) - fm(am) = Z fi(@)- - fula)e 2@/t (n € 7).

ay,...,am (mod k) a (mod k)
ay+...4+ap=—n (mod k)

For n = 0 we obtain

fl(al) fm am = Z fl ) 4)
ay,...,am (mod k) a(mod k)
ay+...4+a,=0 (mod k)

Now the result follows from (4) by showing the following property: Let f be
a k-periodic function and let & € Z such that ged(h,k) = 1. Then the DFT of the
function g defined by g(n) = f(nh) (n € Z) is g(n) = f(nh’) (n € Z), where I is the
multiplicative inverse of 4 (mod k).

Indeed,

g\(n) — Z g(a)672m'un/k _ Z f(ah)efbriahh’n/k,
a (mod k) a (mod k)

and since gcd(h,k) = 1, if a runs through a complete system of residues (mod k),
then so does b = ah. Therefore,

Z f(b)efzmhh’n/k _ f(nh’).

b (mod k)
O
Corollary 1. Let fi and f» be k-periodic functions (k € N) and let hy,hy € Z,
ged(hy, k) = ged(hy, k) = 1. Then

Y filam)faahy) = Z fi(—ahy) fa(ahy). )

a (mod k) ll (mod k)

Proof. Apply Theorem 1 for m = 2. We deduce that
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Y fl(élhl)fz(—ahz)zl Y Ailah)falahh)

a (mod k) a (mod k)

=~

Fi(ahhyhy) fa(ah s hy)
a (mod k)

f1(bha) f2(bhy),
b (mod k)

| —

1

k

by using the fact that if a runs through a complete system of residues (mod k), then

so does b = ah'| h, since gcd(hyhy, k) = 1. This gives (5) by setting hy := —hy. O
For hy =1, hy = —1 from (5) we derive (3).

Corollary 2. Let f1 and f> be k-periodic functions (k € N) and assume that f| or f»
is odd (resp. even). Let hy,hy € Z, gcd(hy,k) = ged(hy, k) = 1. Then

Y. filah)fr(aho) = (7k1)s

a (mod k)

Y filah) fp(ahy), (6)

a (mod k)

where s = 1 if fi or f> is odd, s =0 if f1 or f> is even.

Note that if the function f is odd (resp. even), then fis also odd (resp. even). If
one of the functions f1, f> is odd and the other one is even, then both sides of (6) are
Zero.

In this paper we will use the following DFT pairs of k-periodic functions.

Lemma 1. (i) Let k € N. The DFT of the k-periodic odd function f(n) = ((%))

neZ)is
~ | hcot(E), i kin,
f(”)_{o, if k| n.

(ii) Let k € N and let B, (r € N) be the Bernoulli functions (cf. Section 3.1). The
DFT of the k-periodic function f(n) = B, (%) (neZyis

ao T (d) ot (28) if kg,
! (”)_{Brk“, if k|n,

where B, is the r-th Bernoulli number and cot™ is the m-th derivative of the cotan-
gent function.
(iii) Let k € N be even. The DFT of the k-periodic odd function f(n) = (—1)" ((}))
nez)is
) = —ftan(Z), if n#% (modk),
" 0, if n= % (mod k).

(iv) Let k be odd and let n (mod k) = n—k|n/k| be the least nonnegative residue
of n (mod k). The DFT of the k-periodic odd function
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(71)n(m0dk)a lfk'fna
0, if kln

f(n) =
f(n) =itan (%) (nelZ).

(v) Let k € N. Let F(s,x), {(s,x) and {(s) be the periodic zeta function, the
Hurwitz zeta function, and the Riemann zeta function, respectively (cf. Section 3.3).
For Rs > 1 the DFT of the k periodic function f(n) = F(s,}) (n € Z) is

oy = AR ARY)s O kg,
f( )_{k]SC(S), lfk|n

Here (i) and (iv) are well known. They follow, together with (iii) and (v), by easy
computations from the definition of the DFT. For (ii) we refer to [2, Lemma 6]. See
also [1, Sect. 6].

3 Applications

3.1 Generalized Dedekind sums

We first derive the following higher dimensional generalization of the identity (1),
first deduced by D. Zagier [16, Th. p. 157], in a slightly different form, by applying
some other arguments.

Theorem 2. Let k € N, m € N be even and let h; € Z, ged(hj,k) =1 (1 < j < m).

Then
arhy Al
..... P ((k)) (< k ))
a1+ +am=0 (mod k)
_ (_21’3:/2 :gcot (”‘;{h/l> ..cot <”“kh;") . %)
Proof. Apply Theorem 1 for fi = ... = f,, = f, where f(n) = ((})) (n € Z). Use

Lemma 1/(31). O
Note that if m is odd, then both sides of (7) are zero.
Corollary 3. Assume thatm =2. Letk € N, hy,hy € Z, ged(hy, k) = ged(ha, k) = 1.

L) () -age () () o
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Identity (8) is the homogeneous version of (1) and is equivalent to (1).
Now consider the Bernoulli polynomials B,(x) (r > 0), defined by

re™ _ i B,(x)tr.
el—1 = !
Here
B(x) =x—1/2, Ba(x) = x> —x+1/6, B3(x) = x> —3x?/2+x/2 and B, := B,(0)
are the Bernoulli numbers. The Bernoulli functions x — B, (x) are given by
B(x) = B(lx}) (xeR).

Note that
Bi(x) = ((x)) forx ¢ Z,
but
Bi(x)=—1/2#0=((x)) forx € Z.

For ry,...,rm €N, hy,... h, € Z we define the higher dimensional Dedekind—
Bernoulli sum by

= [ @1h — ([ anh
at,...,am (mod k)

ay+...+a;,;, =0 (mod k)

In the case when m = 2 and by setting h, := —hy we obtain the sum
—~ (ah\ <= [(ah
S (b, ~hoik) = Y. By (k‘) B, (,j) (10)
a (mod k)

first investigated by L. Carlitz [7] and M. Mikolés [11]. See the paper of M. Beck
[2] for further historical remarks.

Theorem 3. Let k,m,r; € N be such that A :=r\+...+ry is even and hj € Z,
ged(hj,k) =1(1 < j < m). Then

B. ---B
sr|,...,rm(h17~- . 7hm;k) = ﬁ
(=D S ((Tal 1) ( Tl
+Wzlcm(l) e ) e () ap
a=

Note that if A is odd, then the sum in (11) vanishes. If A is odd and there is at
least one j such that r; > 3, then B,j = 0 and the sum (9) vanishes as well.

Proof. Apply Theorem 1 and Lemma 1/(ii) to the functions
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Corollary 4. ([2, Cor. 7]) Let k,r1,r; € N, hy,hy € Z be such that r| + r is even
and ged(hy k) = ged(hy, k) = 1. Then

AR
a (mod k) " k ” k

)/2
_ BrlBrz +( 1)(7’1 r)/ rirn ZCOtrl 1 ( k/’l )cot(’21)<nah2>.

krit+r—1 oritryferi+r—1 k

3.2 Generalized Hardy sums

The Hardy sums (known also as Hardy—Berndt sums) are defined forh € Z, k € N
as follows.

S(l’l,k) . (_1)a+1+\_ah/kj,

a (mod k)

s1(h,k) = D ().

a (mod k)

(
o <<z>><( )
ﬂ;ms—w“«“:))v

sa(hk) ==Y (=1)lm/k),
a (mod k)

ss(h k)= Y (—1)erlnk] ((%))

a (mod k)

S3(h,k) :

B. C. Berndt and L. A. Goldberg [6] derived finite and infinite series represen-
tations for the above sums. These identities were also obtained later by R. Sitara-
machandrarao [14] by using some different arguments. One could see [2, 6, 8, 14]
for the history of these sums as well as for further results on the Hardy sums, in-
cluding reciprocity formulas.

We define the following generalization of s, (5, k):

Al sk = ) a;mdk) (—l)al((al:1)>,..(<amkhm)>.

ap+...4+a,=0 (mod k)
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Theorem 4. Let k,m € N be even, hy, ..., hy, € Z, hy odd, gcd(hj, k) =1(1 < j<m).
Then

(—1)ym/2-1 <7rah’1) <7mh’2> (nah’ >
Alhyy.. hysk) = ——— tan | —— | cot ---cot ).
2k @ZSH k k K
a#k/2

Proof. Let fi(n) = (—1)" ((4)) and fj(n) = ((%)) (2 < j < m). Apply Theorem 1
and Lemma 1/(i),(iv). 0O

Corollary 5. Assume that m = 2. Let k € N be even, hi,hy € 7Z, hy odd, and
gcd(hy, k) = ged(hy, k) = 1. Then

S () () e, B () ()

a#k/2

In the case m = 2, hy = 1, hy = h we obtain the following corollary, cf. [6, Eq.
(14)], [14, Eq. (7.3)].

Corollary 6. If k € N is even, h € Z, gcd(h,k) = 1, then

Next, we define the following common generalization of s;(h,k), s3(h,k) and
s5(h,k), as follows.

arhy amhm
B(hy,... .3 k) = (_]>a1h1+k[a|h|/kj (())(( ))
ai, ,a;modk) k k

a1 70 (mod k)
ay+...4+a,; =0 (mod k)

Theorem 5. Let k € N be odd, m € N be even, hj € Z, ged(hj,k) =1 (1 < j < m).
Then

L (=pm2 il mah, mah)y mah,,
B(hy,... hyk) = g ;tan ot —¢ cot{ —~ |

a

Proof. Apply Theorem 1 to the following functions:

fi(n) = (=1)nmedb, i ki,
0, if k|n,

s= (1) esism

and also Lemma 1/(iv). O



10 M. Th. Rassias and L. T6th

Corollary 7. Assume that m = 2. Let k € N be odd, hy,hy € Z, hy odd, gcd(hy,k) =
gcd(hy, k) = 1. Then

izi(_l)aJr[ahl/kJ <<0h2>> i Zt ( >cot(”“]‘<’“> .

For m = 2 in the special cases hy = 1, hp = h and h| = h, hy = 1, respectively,
we obtain the identities, cf. [6, Eq. (15), (17)], [14, Eq. (7.4), (7.6)], as follows.

Corollary 8. Ifk € N is odd, h € Z, ged(h,k) = 1, then

1 &l Tah Ta
k) = z—kag‘ltan (k> cot(?). (12)

IfkeNisodd heZis odd, gcd(h,k) =1, then

1+l ma mah
k) = Tka;] tan (7) cot (k) .

Corollary 9. Assume that m = 2. Let k € N be odd, hy,hy € Z, hy even, gcd(h;,k) =
gcd(hy, k) = 1. Then

g () —m Do () ()

For m = 2 in the special case h; = h even, hp = 1 we obtain the identity, cf. [6,
Eq. (13)], [14, Eq. (7.2)], as follows.

Corollary 10. Ifk € N is odd, h € Z is even, gcd(h,k) = 1, then

1 &) a ah

Note that the Hardy sums S(k, k) and s4(h,k) can also be treated with the DFT in
the case when k is odd. For example, applying Corollary 2 to the functions

(—1)rmedb = if ktn,

fl("):ﬁ("):{o if k|n

we obtain the following representation.
Corollary 11. [f k € N is odd, hy,hy € Z, ged(hy, k) = ged(ha, k) = 1, then
k=1

Z(_l) (h1+hy) (mod k) _ Zt <77:a ]) an(”i}Q). (14)

a=1
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If hp = 1 and h; = h is odd, then the left hand side of (14) is exactly s4(h,k).
See [6, Eq. (16)], [14, Eq. (7.5)]. If h; = hp = 1, then (14) provides the following
classical identity, valid for k € N odd, cf. [3, Prop. 3.1]:

k—1
Z tan® (E) =k —k.
a=1 k

Remark 1. For k odd, h even, the formula [6, Eq. (13)] receives the following repre-

sentation:
1 & mh(2j—1) n(2j—1)
Sl(h,k) __ﬁ Z cot (2]{) cot <2k 5

Jj=1
k1) /2

which can easily be transformed into

| (k=172 . b
s1(hk) = T tan (ij) cot (nk]>

that is equal to the right hand side of (13). Similar considerations are valid for the
corresponding formulas on the Hardy sums s4(%,k), ss(h,k) and S(h,k).

Remark 2. The finite sum identities (7.1), (7.2), (7.3), (7.5), and (7.6) from the
paper [14] contain some misprints. Namely, in formulas (7.1) and (7.5) the sum

Y, should be ¥}, while in (7.2) and (7.6) the sum Y,| ), should be

er‘:] rh (ke 1)/20 the missing terms being nonzero. Furthermore, in formula (7.3) the
sum Y*~! should be ZI;;
defined.

Lr#/z, the term for r = k/2 (namely tan(7/2)) being not

One could possibly investigate some further higher dimensional generalizations
and analogues of the Hardy sums involving the Bernoulli functions, however we do
not discuss this in the present paper.

3.3 Sums involving the Hurwitz zeta function

Theorem 1 and its corollaries can be applied in several other situations as well.

For example, let
> 1
5,Xx) 1= —_—
€ (s,x) n;)(n o

be the Hurwitz zeta function, where 0 < x < 1 and {(s,1) = {(s) is the Riemann
zeta function. The function
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s = 4))¢ - 2])

investigated by M. Mikolas [11], is an analogue of the Dedekind sum (10), taking
into account that

B,(x)=—nl(1—n,x) (neN,0<x<1).

Let

(xeR) (15)

be the periodic zeta function, which converges for Rs > 0 if x ¢ Z and for Rs > 1
ifxeZ.
Applying Corollary 1 to the functions

fj(”):F(Sj,%) (nezZ, 1<j<2),

we deduce by Lemma 1/(v) the next new result.

Theorem 6. Let k € N, hy,hy € Z, ged(hy,k) = ged(hy,k) = 1 and let 51,5, € C,
NRs1,Rso > 1. Then

D) = (K121~ (1) (52) k21 T F (57,92 F (55,40
’ = "k k)
4 Some further remarks

The following simple and useful result can be applied to obtain infinite series
representations for the Dedekind and Hardy sums.

Lemma 2. If f : N — C is a k-periodic (k € N) odd function, then
e fn ntd nr
k=1
——5 L), an
r=1

For the Dedekind sum, (2) is a direct consequence of identities (16) and (1). As
another example, (16) and (12) imply that for k odd, gcd(h,k) = 1, one has

1 <1 nrh
S3(h,k) = E Z —tan (k) .

=17
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One could see [6, Th. 1], [14, Th. 7.1] for the above formula as well as for similar
representations regarding Hardy sums.

Identity (16) of Lemma 2 was proved in [14, Lemma 2.1] by applying results
of D. H. Lehmer [10] on the generalized Euler constants y(r, k) associated with the
infinite arithmetic progression r,r + k,r + 2k, ... (1 < r < k), where

1 1
y(r,k) := lim - ——logx
X—yoo ngn:gx n k

n=r (mod k)
B. C. Berndt [5] deduced (17) by contour integration (with a different definition
of the DFT). The fact that the finite sums (16) and (17) are equal, provides another
simple consequence of Corollary 2, applied to the odd functions f : N — C and

> ((3))-

Furthermore, according to [10, Th. 8], if f is a k-periodic function, then

k

S(f) =), f(r)¥(rk),

r=1

provided that Z’le f(k) =0, representing a necessary and sufficient condition for
the convergence of the series S(f) (which holds if f is a k-periodic and odd func-
tion).

We note that the DFT of the k-periodic function r — y(r,k) is

_ F(1,-%), if ktr,
Y(nk):{ (1.=0), i
Y, if k|r

(cf. [10, p. 127]), where F (s, x) is the periodic zeta function defined by (15) and y:=
¥(0,1) is Euler’s constant. Therefore, we deduce by Corollary 1 the next identity.

Corollary 12. If f : N — C is a k-periodic (k € N) odd function, then
1 k—1

S() =7 ;ﬂr)F(l,—%).

Acknowledgement. The authors would like to thank the referee for useful re-
marks which helped improve the presentation of the paper.
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